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The transient response of mitochondrial ATP production towards perturbations was studied by analyzing the trajectories 
leading from arbitrary initial conditions of the adenine nucleotide pool to the final steady slate. These trajectories were 
calculated from differential equations based on linear relations between flows and thermodynamic forces of the adrnylate 
kinase system including oxidative phosphorylation. The motion of the system along the trajectories consists of two phases: (1) 
a rapid phase leading from initial states to a common relaxalion curve: and (2) a slow phase leading along the relaxation curve 
to the final steady state. The first phase corresponds to a motion close to the loci of constant adenylic energy charge. In line 

with this observation is the finding that the energy charge is a constant of motion of the adenylate kinase reaction. The second 
phase corresponds to a motion along a relaxation curve characterized by minimal Lyapunov exponents in the concentration 
space of the adenine nucleotides. Thus, both phases of the transient kinetics can be approximated in terms of thermodynamic 
functions to a high degree of precision. incubations with isolated rat liver mitochondria were in excellent agreement with the 
rheoretical predictions. In summary. these studies show that the adenylate kinase system not only optimizes the efficiency of 
oxidative phosphorylation through thermodynamic buffering but. in addition. also deeply influences the transient response of 
the whole system. 

1. Introduction 

The most important process for the production 
of ATP in aerobic tissue is oxidative phosphoryla- 
tion. In this process, which is localized within 
mitochondria, the oxidation of reducing equiva- 
lents in the form of NADH and FADHz is linked 
to the phosphorylation of ADP to ATP. In previ- 
ous work we demonstrated that oxidative phos- 
phorylation can be treated phenomenologically as 
a linear energy converter, in which the flows at 
input (oxygen consumption) and at output (ATP 
production) are linearly related to the ihrces at 
input (redox potential of the oxidizable substrates) 
and at output (phosphate potential) [1,2]. Further- 
more, it was shown that there exists a precise value 
of the phosphate potential Xp where oxidative 
phosphorylation operates at optimal efficiency_ 
This value was found to depend only on the degree 

0301-4622/84/503.00 Q 1984 Elsevier Science Publishers B.V. 

of coupling and on the phenomenological stoichi- 
ometry of oxidative phosphorylation, for any given 
redox potential applied at the input of this energy 
converter_ In particular, it was found that the 
system can operate at optimal efficiency if and 
only if the load conductance attached to oxidative 
phosphorylation, i.e.. the irreversible ATP-utilizing 
reactions, is matched to the output conductance of 
phosphorylation. Under these conditions the opti- 
mal phosphate potential turned out to be the 
natural steady-state output potential of oxidative 
phosphorylation [1,2]. In vivo, however, this condi- 
tion of conductance matching will hardly ever be 
fulfilled because of the natural fluctuations of the 
load about a matched temporal mean value. 

In subsequent work [2.3] we described how a 
reversible ATP-utilizing reaction, the adenylate 
kinase reaction, can act as a thermodynamic buffer 
being able to maintain the phosphate potential 



close to the optimal value in the presence of a 
fluctuating load_ It was also shown that thermody- 
namic buffering is typically a transient phenome- 
non which operates only as long as the driving 
force for the adenylate kinase reaction, the ade- 
nylate kinase potential X, = -[AC: + 
RT ln([ATP][AMP]/[ADP]‘)]. does not vanish. As 
soon as this partial reaction reaches a thermody- 
namic equilibrium. i.e., X, = 0. the overall system 
is in a true steady state and thermodynamic 
buffering can no longer occur [3]. 

It was therefore of interest to study the tran- 
sient kinetic behavior of the adenylate kinase sys- 
tem in more detail In this paper we attempted to 
establish a link between a conventional kinetic 
description of the transients and a description 
within the framework of nonequilibrium thermo- 
dynamics_ As is well known, the realm of nonequi- 
librium thermodynamics is a steady-state situation 
(4.51 and little can be said about transient phe- 
nomena [6]. By introducing physical concepts like 
constants of motion and Lyapunov exponents into 
the thermodynamic description we succeeded, 
however, in describing transient kinetic phenom- 

ena to a considerable level of sophistication on a 
thermodynamic basis. The aim of this paper is to 
illustrate how these ideas work out in the case of 
the adenyiatr kinase system. Another advantage of 
such a treatment will be that a new and relevant 
biological quantity. the degree of thermodynamic 
buffering of the adenylate kinase system. can then 
also be formulated in a consistent manner on the 
basis of a nonequilibrium thermodynamic descrip- 
tion This subject will be treated in a subsequent 
paper. 

In this paper we first introduce a convenient 
state space representation of the adenylate kinase 
system in the form of a reac:ion simplex in section 
2. This representation will allow an easy and intui- 
tive understanding of speciai trajectories of the 
system such as the loci of constant adenylic energy 
charge. constant phosphate potential and constant 
adenylate kinase potential_ In section 3 we de- 
scribe some main features of the transient behav- 
ior of the adenylate kinase system as obtained by 

numerical integration of the differential equations 
describing the kinetics of this system. These theo- 
retical predictions will be verified experimentally 

by incubations with isolated rat liver mitochondria 
as described in section 4. Section 5 will show how 
the main characteristics of the transients can be 
understood on the basis of a constant of motion of 
the adenylate kinase reaction, i.e.. the adenylic 
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Fig. 1. The adenylate kinase reaction simplex. The upper panel 
(a) of this figure depicts three surfaces of constant adenine 
nucleotide concentrations 1, = [ATP], + [ADP], + [AMP], (i = 
I. 2.3) in the positive orthant of the concentration space of the 
adenine nuclrotides. Each one of these simplices may be nor- 
malized and transformed into the image space [x__v] by using 
cqs. 1 and 2. The resulting reaction simplex which has the form 
of an equilateral triangle is shown in the lower part (b) of the 
figure. 



energy charge [7], and of the relaxation curves of that such a state space be called a concentration 
the system, calculated from the minimal Lyapunov polyhedron. But, since in our case we are dealing 
exponents [8,9] of entropy production- Finally. with a regular simplex [12], we prefer to stick to 
section 6 discusses possible generalizations and the conventional terminology- Fig. la illustrrtes 
applications of these concepts_ such reaction simplices for different values of X.. 

2. The adenylate kinase reaction simplex 

The adenylate kinase reaction 

ATPf-AMP = 2ADP 

involves the chemical species ATP, ADP and AMP. 
Hence the state of the system at any time can 
be described by a concentration vector LI = ([ATP], 
[ADP], [AMP])T in R:, the positive orthant of a 
three-dimensional real vector space [9]. Since for 
the time intervals of interest for our purposes the 
sum of the adenine nucleotides I= [ATP] -t- 
[ADP]+[AMP] can be assumed as constant, any 
state of the system must lie in the intersection of 

Rf with the surface C =constant. Hence. our 
state space of interest is a two-dimensional equi- 
lateral triangle in R: which is called a reaction 
simplex [lo]. Recently. Clarke [ll] has proposed 

A convenient transformation of this simplex 
consists of two rotations about the intersection 
with the [ATP] axis such that one looks perpendic- 
ularly onto the equilateral triangle in a two-di- 
mensional image space { x. -v}_ This mapping 
([ATP], [ADP], [AMP]} -+ {x.~} is given by the 
transformation 

.~ = [ADPI+ t/Z[AMP] 
1 (1) 

1‘= 
[AMP]\/S 

2E 

where x and y are the projections of the rotated 
simplex along the abscissa and ordinate of the 
image plane. respectively, as shown in fig. lb. 
Note that x and y are normalized by dividing 
through C in eqs. 1. and 2. 

Any steady state of the system can now be 
represented by a point on this equilateral triangle 
which we call therefore the adenylate kinase reac- 

Fig. 2. Some distinguished ioci in the reaction simplex. (a) The loci of constant adenylic energy charge E= ([ATPIt l/Z[ADP])/E 
intersect the line ATP-AMP perpendicularly. The increment of the energy charge between adjacent lines in this figure is 0.1. (b) Loci 
of constant phosphate potenti& Xp = -[aG,” + R7Ia([ATP]/[ADP].[P;])] were calculated for a P, concentration of 8 mM. The 
increment between adjacent loci in this figure is 0.5 kcal. The lines for X, < - 15 or X, > - 8 kcal were indistinguishable. A value of 
dGz = 8.5 kcal was used throughout this study [l]. Note that the loci of constant Xp simultaneously correspond to the lines of constant 
[ATPJAADP] ratios as already pointed out by Atkinson [7]. (c) The loci of constant adenylate kinase potentials X, = -[dGi + 
Rrln([ATP]-[AMPJAADP]‘)] were calculated in increments of 1 kcal. The curve Iabelled X, = 0 cot-responds to the loci along which 
the adenylate kinase reaction is in thermodynamic equilibrium (see also ref. 7). Note that thermodynamic buffering occurs within the 
region X, B 0 (positive net AMP flow) whereas the regeneration of :his buffer takes place in the region X, c 0 (negative AMP flow). 
Therefore. &dative phosphorylation is in a true steady state characterized by constant concentrations of the adenine nucleotides only 
along the line X, = 0. Everywhere else the system is in a transient state (cf. also fig. 5). A value of AC: = 0.15 was used throughout 

this study [3]. 
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tion simplex. Such a representation has already 
been used by Garland [13] and Atkinson [7]. Any 
transition from one state of the adenylate kinase 
system to another can be represented by a succes- 
sion of points within this simplex. The line joining 
these points is called a trajectory and tells which 
states are accessible to the system during a transi- 
tion from one state to another. Note that a trajec- 
tory is an integral curve in the concentration space 
of the adenine nucleotides and therefore does not 
contain time information in an explicit manner. 
The temporal evolution of the system can. how- 
ever. be made visible by a representation of points 
of the trajectory sampled at constant time inter- 
vals. 

As already pointed out by Atkinson [7], there 
are several lines in this simplex which are of a 
special interest to adenine nucleotide metabolism. 
Fig. 2 depicts the loci of constant adenylic energy 
charge E = ([ATPIt l/2 [ADP])/Z (a), of con- 
stant phosphate potentials Xr, = -[AC&, + 
RT In([ATP]/[ADP] - [Pi])] (b) and of constant 
adenylate kinase potentials X,, (c). These loci will 
be of particular interest when analyzing the trajec- 
tories of the transients of the adenylate kinase 
system described in the following section 

3. Computer simulations of trajectories 

In this section we will investigate how the sys- 
tem oxidative phosphorylation plus the adenylate 
kinase reaction reaches a steady state. For this 
purpose we study two different starting situations: 

(I) Different compositions of the initial non- 
steady-state adenine nucleotide pool. From these 
initial conditions we calculate the trajectories lead- 
ing to a steady state. 

(2) Starting from a steady-state situation with a 
matched load conductance we perturb the load 
conductance and calculate the trajectory leading to 
a new steady state. When the system has reached 
this state we switch the load conductance back to 
the old matched value and observe by which path 
the system returns to the initial steady state. 

Fig. 3 depicts how the flow components of the 
system affect the adenine nucleotide concentra- 
tions. There are three different net flows which we 

AMP 
Fig. 3. Reaction scheme of oxidative phosphorylation with load 
and adenylate kinase. This scheme shows how the net flows Jp 
(phosphorylation). J, (load) and In (aden&ue kinase reaction) 
affect the adenine nucleotide concentra:ions. This scheme srrve.~ 
as the basis for the sign conventions used to formulate the 
differential equations (eqs. 6-8) for the adenine nucleotide 
concentrations. 

have to consider: The phosphorylation flow Jr,, the 
load flow J, and the adenylate kinase flow JA_ As 
previously shown, these f!ows can be expressed in 
terms of thermodynamic forces [1.3]: 

J,, = e&X, + L,X, (3) 

J, = L,Xp (4) 

JA = LAX, (5) 

where the L terms are the phenomenological coef- 
ficients of the system [1,3] and the X terms the 
thermodynamic forces. The meaning of X, and Xp 

has been defined in the foregoing. X0 is the redox 
potential of the substrate applied to the respira- 
tory chain [lJ_ As in previous work we have as- 
sumed linear relations between flows and forces in 
this system. The comparison between the theoret- 
ical results in this section and the actual experi- 
mental measurements in the next section will re- 
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veal that this assumption is perfectly legitimate. Note that due to the conservation condition I= 
From the scheme in fig. 3 and eqs. 3-5 we can constant we have [ATP] + [AfiP] + [AtiP] = 0. 
now read off the rate laws for the adenine nucleo- Hence one of the above equations is redundant_ 
tide concentrations: In principle these differential equations could 

[A-i-P] = Jp + J, t J-~ = (L, + I.,) Xp + LAXA + S&,X- (6) 

[AfiP] = - Jp - J, -25*=-(L,+L,)x,-2L,x,-~L,x” 

now be solved with a digital computer by using a 
standard method for numerical integration. The 
form of eqs. 9-11 has. however, one major disad- 

(7) 

[AtiP] = JA = LAX, (8) 

Inserting the definitions of the thermodynamic 
forces X, and X, yields the differential equations 
in terms of adenine nucleotide concentrations: 

[A+P] = -(L, + I.,) dG,o + R7-In [jgl;$ 

1 

vantage for numerical integration_ Whenever the 
concentration of any adenine nucleotide becomes 
very small, the differentials assume large values. 
Thus. in a stepwise integration at a constant step 
size the danger of large numerical errors arises. 
This could even lead to negative concentrations. 
obvious chemical rlonsense to which even the com- 
puter fiercely protests when attempting to take the 
logarithm of a negative number in the next in- 

- L, dG: + R?-in 
[ 

[ATPIIAMP] +-L x 1 (9) 
tegration step. 

[ADPI’ PO0 A convenient transformation to overcome this 

I 
AG~tRTlnI~~l;~il 

1 

problem consists of switching to logarithmic varia- 
[AiP]= (L,tL,) bles: 

_ 

AG.2 i- RTlnrATP1rAMP1 - L Y (10) I 
me In[ATP] 

[ADP]’ po* u P& IntADP] 

dco _+. R7,n tA-W[AW 
PL,~ In[AMP] (14) 

A 
[ADP]~ 1 (11) - 

With these transformations eqs. 9-11 can be cast 

(12) 

(13) 

[AtiP] = -r, 
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Fig. 4. Trajectories of the transients in the reaction simplex. Trajectories for the evolution of the system from different initial adenine 
nucleotide concentrations to the final steady state were calculated by numerical integration of eqs. 15-17 as described in the text. The 
parameter LA was varied in panels a-c. namely: (a) L, = 0.02. (b) L, = 0.2. (c) L, =l.O. The other parameters were iixed as 
follows: L, = 0.247. L, = 0.0785. L, = 0.0749. X, = SO kcal and [P,] = 8 mM (see also ref. 2). The initial concentrations of the 
adenine nucleotides were chosen as shown in the figures. The final steady state is marked by an open circle. The integrated values of 
the adenine nucleotide concentrations were sampled at identical intervals of 0.1 arbitrary time units. transformed according to eqs. 1 
and 2 and piotted in the reaction simplex. Therefore, the temporal evolution of the system becomes apparent in the trajectories. Large 
distances between the sampled points mean rapid evolution whereas points along a trajectory lying close together indicate a slow 
temporal evolution of the system. Thus. panel c with the highest value of LA shows clearly the time scale seperation of the dynamics of 
the system in a rapid and a slow phase of the trajectories. In contrast. panel a with a low activity of the adenylate kinase shows a 
rather sluggish evolution of the system into the final steady state. 



into the final form used for the numerical integra- 
tions: 

pie PT=-(Lp ‘L,)[~G~+RT(p,--p,--In[P,l)] 

- L,,[dG,+-tT(p~+p,,--2p,)]+L,,X, (15) 

Pr,eP”=(i,+L,)[~G,O+RT(p~--~--In[P,I)]--L,,X,, 

+ZL,[dc~iRT(p~+p,,--Zp,)] (16) 

P~,epU=-Lq[dG~iRT(f~+~~~-2~~)] (17) 

Note that again one of the equations is redundant 
due to the conservation condition: 

&iTf?‘r + &iJ#n + p.,,CYw = 0 (‘8) 

In the following. eqs. 15-17 were numerically in- 
tegrated with a standard fourth-order Runge-Kutta 
method with automatic step size control. 

In a first set of simulations we have chosen 
different initial compositions of the adenine 
nucleotide pool and have calculated the trajecto- 
ries leading to a steady state. 

Fig. 4 depicts these trajectories for three differ- 
ent values of the conductance of adenylate kinase 
L,. All other parameters were kept constant 
throughout the simulations. 

The common feature of these trajectories is that 
they are biphasic. In a first phase the system 
evolves rapidly onto a line which seems to connect 
all the trajectories from the different starting 
points. In a second phase. the system then evolves 
slowly along this curve into the final steady state. 
In section 5 it will be demonstrated that this line is 
a relaxation curve of the system. 

Another interesting finding was that the rapid 
phase approached a movement along a constant 
adenylic energy charge at high adenylate kinase 
activitirs. i.e.. at high values of the conductance 
L,. This becomes evident when comparing the 
curves in fig. 4 with fig. 2a. In section 5 we will 
show that the adenylic energy charge is a constant 
of motion of the adenylate kinase reaction_ Hence, 
the system should indeed move along this trajec- 
tory when JA dominates the other flows. 

In summary we can state that the evolution of 
the system from any initial non-steady-state 
adenine nncleotide composition to the final steady 
state is biphasic: initially. a rapid movement along 
individual trajectories onto a relaxation curve and 

then a slow movement along this curve to the 
common attractor, the steady state. 

In a second set of simulations we started the 
system at the steady state corresponding to a 
matched load conductance. Then we switched this 
load conductance to a mismatched value given by 

&=8(L,), (19) 

where L, is the actual and ( L, ), the matched 
value of the load conductance. Hence, 0 < B -z cc 
is a dimensionless parameter measuring deviations 
from matching. When 0 = 1 then L, is matched; 
for other 0 values L, is not matched. 

The simulations were initiated by setting 19 > 1 
as indicated in fig. 5. When the new steady state 
was reached, i.e., when X, = 0, then 0 was again 
set equal to 1 and the simulations were continued 
until X, = 0 at the starting point of the simula- 
tions. Fig. 5 depicts the trajectories obtained in 
this fashion for three different values of L,,. All 
parameters, except L, and LA. were kept constant 
in this set of simulations_ 

It can be observed that the trajectories form a 
cycle when passing from the original steady state 
to a new steady state and back again. The trajecto- 
ries corresponding to the second part of the cycle, 
i.e.. the return to the original steady state, follow 
the same pattern as found in the previous simula- 
tions in fig. 4. This is not surprising, since this 
situation corresponds precisely to an evolution of 
the system from a nonstationary initial adenine 
nucleotide composition originating from the loci 
X, = 0, to the steady state for 8 = 1. 

The trajectories of the first part of the cycle. 
i.e., the evolution of the system from the original 
steady state to a new steady state upon setting 
B > 1 is also biphasic albeit much less clearly visi- 
ble than in Fig. 4. The’final part of these trajecto- 
ries will again be shown to evolve along a relaxa- 
tion curve in section 5. Note that the whole cycles 
come close to the equilibrium line X,., = 0 (see fig. 
2c) when LA assumes high values. 

In summary it can again be said that both parts 
of the cycle obey biphasic kinetics characterized 
by a rapid initial evolution along individual trajec- 
tories and an ensuing slow movement along a 
relaxation curve to the steady states located on the 
equilibrium line of the adenylate kinase reaction. 
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Fig. 5. Trajectories of load cycles in the reaction simplex. Panels a-c depict the trajectories of load cycles of the system for different 
values of the parameter f.*: (a) LA = 0.02. (b) L, = 0.2. (c) LA = 1.0. The other parameters were again fixed to L, = 0.247. 
L.,, = 0.0785. X = 50 kcal and [P,] = 8 mM. The simulations were started at the steady state corresponding to a matched load. i.e.. 

L,=BL,~ [3]withB= 1 or L, = 0.0749 with q = qF = 0.953 as used in these simulations. The values of the adenine nucleotide 
concentrations at the steady states were calculated with the steady state eqs. 16-21 of ref. 3. The parameter 0 was then switched to the 
values 0 = 1.2.1.4.1.6. 1.8 and 2.0 as shown in the figures. The numerical integrations were continued until the new steady state for 
the mismatched load was attained. i.e.. until the system reached the equilibrium line .U, = 0. Then B was switched back to 0 = 1 and 
the calculation of the trajectory was continued until the system had again reached the original steady state. As in the previous figure 
the values of the adenine nucleotides were sampled at 0.1 time unit intervals. Again we observe a rapid and a slow phase of evolution 
of the trajectories in:o a steady state. Note that during the ascending part of the load cycles corresponding to B Z= 1 we have 
thermodynamic buffering whereas in the descending part with B = 1 the thermodynamic buffer is recharged. Panel b will again be used 
in fig. 8 for a direct comparison of trajectories with relaxation curves. 

4. Experimental verification of trajectories 

The aim of this section is to compare the theo- 
retical predictions concerning the characteristic 
features of the trajectories obtained through com- 
puter simulations with experimenta results. For 
this purpose we incubated isolated rat liver 
mitochondria subject to the following types of 
conditions: 

(1) Incubations starting at different initial 
non-steady-state compositions of the adenine 
nucleotide pool. In these incubations the trajecto- 
ries leading to the final steady state were meas- 
ured. 

(2) Incubations starting from a static head (state 
4) situation. After addition of different ATP-utiliz- 
ing loads in the form of ATPase we measured the 
trajectories leading to the final steady states of the 
system. 
In both cases experimentally determined trajecto- 
ries were compared with numerical simulations 
based on eqs. 15-17. 

4.1. Materials and methods 

Liver mitochondria from male Sprague-Dawley 
rats (Tierzucht Institut, Zurich, Switzerland) were 
isolated according to Johnson and Lardy [14] with 
the exception that the homogenizing medium con- 
tained 0.25 M mannitol and 0.07 M sucrose [15]. 
Washed mitochondria were suspended in this 
medium at a concentration of 1 g original liver 
weight per ml. ATPase used was prepared from 
beef heart mitochondria according to Beechy and 
co-workers [16]. 

Mitochondria were incubated at 37°C in open 
beakers in a water bath shaking at 100 strokes per 
min. The incubation medium contained 100 mM 
KCl, 8 mM potassium phosphate buffer (pH 7.4), 
5 mM potassium glutamate (pH 7.4), 5 mM potas- 
sium malate (pH 7.4) and 1 mM Mg Cl,. Adenine 
nucleotides were added at a total concentration of 
2 mM. The final incubation volume was 20 ml_ 

In general, mitochondria were preincubated 
during 5 min. After the additions indicated in figs. 
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Fig. 6. Exprrimcntnl verification of trajectories from different 

initial conditions. ( + ) Adenine nucleotide concentrations 

measured in samples taken during the incubation of isolated rat 
liver mitochondria as described in the text. The solid lines 
represent the theoretical trajectories obtained by numerical 
integrations of the differential equations (eqs. 15-17). The 
parameters for these integrations were taken from table 1 
which contains the values estimated by the best fit through the 
cxprrimmtsl points with the routine MODFIT (see text). The 
following rnezm values were used and converted with eqs. 
20-23 for this plot: Z = 3.14.4 = 0.929.0 = 0.119 and H = 2.92. 
The other parameters were X,, = 45 kcal [I]. [P.] = 8 mM and 
L,, = 0.027. The initial conditions were chosen according to the 
experimentally determined initial concentrations of the adeninr 

nucleotides as listed in table 1. 

6 and 7 the incubations were continued by taking 
l-ml samples at defined incubation periods. The 
samples were immediately deproteinized by addi- 
tion of perchloric acid to a final concentration of 
0.15 M. The deproteinized and neutralized extracts 
were assayed for ATP, ADP and AMP by stan- 
dard enzymatic methods [17,18]. Enzymes and 
coenzymes were obtained from Boehringer (Mann- 

heim, F.R.G.). 

4.2. Experimental rem&s and discussion 

The results of incubations with different initial 
adenine nucleotide concentrations are summarized 
in fig. 6. In this respresentation the pooled data of 
six mitochondrial incubations are plotted. After 
addition of 2 mM adenine nucleotides of the com- 
positions indicated in table 1, samples were taken 
at the following running times of the incubation: 
0, 10, 15, 20, 30, 40, 60, 80, 120, 180, 240 and 300 
s. Superimposed on the experimentally determined 
points are the trajectories obtained by numerical 
integration of eqs. 15-17. The initial conditions of 
the adenine nucleotides were chosen according to 

the initial composition of the adenine nucleotide 
pool used in the incubations. The actual Pi con- 
centration was calculated from the initial Pi con- 
centration and the measured adenine nucleotide 
concentrations taking into account the liberation 

Table I 

Pnrrtmeter estimations for experiments with different initial adenine nucleotide concentrations 

The parameters Z. 4. B and I7 were determined as described in the text. 

lnitiai concentrations/E Estimated parameters (5E SD.) 

ATP 

0.056 

AD? 

0.913 

AMP 

0.031 

Z 4 0 II 

3.06 (0.3) 0.918 (0.2) 0.104 (6.1) 2.78 (6.2) 
0.318 0.065 0.617 
0.140 0.163 0.697 
0.65 I t,.ObZ 0.287 
0.060 0.626 0.314 
0.046 0.399 0.555 

3.25 (1.6) 
2.91 (0.2) 
3.09 (0.3) 
3.26 (0.4) 
3.26 (0.2) 

Mean (R SD.) 

3.14 (0.5) 

0.943 (1.5) 0.062 (14.7) 2.61 (0.7) 
0.879 (0.1) 0.147 (4.3) 5.51 (6.3) 
0.950 (0.2) 0.256 (2.6) 0.66 (8.0) 
0.943 (0.3) 0.062 ( 12.2) 2.61 (13.5) 
0.944 (0.1) 0.081 (6.3) 3.33 (6.0) 

0.929 (0.4) 0.119 (7.7) 2.92 (6.8) 



and fixation of Pi due to the interconversion of the 
adenine nucleotides. Some values of the parame- 
ters were taken as previously used or determined 
[1,3]: AC,” = 8.5 kcal/mol, AC: = 0.15 kcal/mol 
and X0 = 45 kcal. The other parameters were ob- 
tained from the best fit of each experiment as 
estimated with a nonlinear model fitting routine 
MODFIT [19] which is based on the Marquardt 
algorithm [20]. For our calculations we used a 
straightfonvard implementation of this program 
on a PDP 11/40 computer. 

For the parameter estimations the original 
parameters, L terms, of eqs. 15-17 were reex- 
pressed in terms of the more convenient dimen- 
sionless parameters degree of coupling 4 = L,,/ 
dx and phenomenological stoichiometry Z 

= Jm. In addition to the parameter 6 intro- 
duced in section 3 we chose a new parameter 

n = LA/L‘, which is a reduced thermodynamic 
buffer conductance relating the conductance of the 
adenylate kinase to the conductance of oxidation. 
By using these definitions we obtain the mapping 
between the L parameters as defined in eqs. 3-5 
and the dimensionless parameters 4, Z, 8 and 17 
(see also refs. 1 and 3). 

L, = Z’L,, (20) 

L po = GL, (2’) 

L, = OZ’&pr, (22) 

L, = rlL, (23) 

In these expressions L, appears as a common 
scaling factor, measuring the amount of mitochon- 
drial protein. This parameter was set to 0.027 to 
normalize all curves to a common value of L, 

which is close to the experimental value de- 
termined in previous work [l]. Note that the choice 
of this parameter is not critical, since it does not 
explicitly affect the shape of the trajectories. The 
other parameters q. Z, 8 and II were adjusted by 
the program MODFIT [19]. 

Points of the trajectories calculated by numeri- 
cal integrations of eqs. 15-17 as described in 
section 3 were sampled at varying time intervals 
such that adjacent points of a trajectory were 
about equidistant. A cubic spline function was 
then used to interpolate between these base points 

[21]. The minimal distance (Euclidean norm) of 
each experimental point to the simulated trajec- 
tory was determined by using these spline func- 
tions. These distances were used to evaluate the 
residual x2 and hence to monitor the search for 
the best parameter set in the four-dimensional 
parameter space spanned by the coordinates q_ Z. 
0 and II. In general, convergence was obtained 
after about 10 iterations. 

The dependence, the correlation matrix and the 
condition number calculated by the program 
MODFIT indicated neither overparametrization 
nor heavy dependence between the four parame- 
ters. The maximal dependence was observed be- 
tween q and Z but was lower than 0.80. All these 
observations indicate that the chosen model allows 
a satisfactory fit of the experimental data. This 
good agreement between the experimental data 
and the theoretical curves is aIso apparent from 
fig. 6. 

Table 1 summarizes the results of the parameter 
estimations of the six individual experiments. These 
data show that the scatter and the uncertainities of 
the parameters, indicated by percent standard de- 
viations, were least for the parameters q and Z but 
larger for 0 and IT. Hence, the degree of coupling 
as well as the phenomenological stoichiometry are 
fairly constant from one mitochondrial prepara- 
tion to another. In contrast, the activity of the 
adenylate kinase, as measured by the parameter 
II, shows much larger variations among the differ- 
ent preparations. Since adenylate kinase is local- 
ized within the intermembrane space of the 
mitochondria, it may well be that different amounts 
of this enzyme leak into the supernatant fraction 
upon homogenization and resuspension of the 
mitochondria. Hence, the variations of II may 
indicate that this leakage is not well controlled in 
the standard preparation procedure of the 
mitochondria. Although no load in the form of an 
ATP-utilizing reaction has been added to the the 
incubations, the parameter 0 was systematically 
greater than zero. This indicates the existence of 
endogenous ATP-utilizing processes in the 
mitochondrial preparations. As was shown in pre- 
vious work these processes consist of ATPase 1211, 
Ca” [22] and H+ recycling [23] across the inner 
mitochondrial membrane. Presumably these pro- 
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Fig. 7. Experimental vetificarion of the trajectories with dirfer- 
snt loads. ( -t ) Experimentally determined adrninr nucieoride 
concentrations in mitochondral incubations as described in the 
text. The solid lines show the theoretical trajectories calculated 
from cqs. 15-17. The parameters for these integrations were 
r&en from table 2 which contains the best fit values estimated 
with the routine MODFIT (see text). For the present plot the 
following mean values from table 2 were used and converted 
wirh eqs. 20-23: 2 = 3.04. y = 0.93 (see tcxr). II = 6.11. The 
other fixed parameters were X_ = 45 kcal [I]. [P, f = 8 mM and 
I.,, = 0.027. The values of B used for the three trajectories are 
girted in trthie 2. 

crsses depend on the mitochondrial preparations 
in a much more sensitive and less controllable 
manner than 4 and 2. By and large, however. all 
parameters shovv that the six individual experi- 
ments carried out with differential initial condi- 

tions of the adenine nucieotide pool can be simu- 
lated by using more or less the same set of param- 
eters. This shows that the values of the parameters 
are not influenced by the different adenine 
nuclcotide compositions. This underlines once 
more that the trajectories can be simulated in a 
satisfactory rnnnner on the basis of eqs. 15-17 
Lvithin the whole range of the reaction simplex. 

A different type of experiment is depicted in 
fro 7. Isolated mitochondria were preincubated 
cl:;ing 5 min in the presence of 2 mM ATP such 
that a static head situation was established_ Then 
differing activities of ATPase were injected into 
the incubation mixture as indicated in table 2_ 

Table 2 

Parameter estimations for experiments with added ATPastl 

The pnmmeters Z. B and n were determined as described in the 
text. 4 was heid constant at a vnlue of 0.93 (see text and table 

1). 

ATPase added Estimated parameters (% SD.) 

(IU) Z 6 n 

0.25 3.02 (0.5) 0.31 I (4.2) 10.76 (7.1) 

0.5 3.05 (0.3) 0.380 (1.8) 3.05 (10.7) 

0.75 3.05 (0.2) 0.479 (1.1) 4.51 (1.5) 

Mean 1% SD.) 

3.04 (0.3) 6.11 (6.4) 

SampIes were withdrawn and assayed for ATP. 
ADP and AMP according to the same protocol as 
given for the previous experiment. 

The parameters were estimated again with the 
help of the program MODFIT with the exception. 
however, that the value of q had to be fixed. We 
noted a very poor convergence of the fitting routine 
when q was allowed to vary, in contrast to the case 
when this parameter was held constant_ Therefore. 
we have set q = 0.93. which is the mean value of 
the previous experiment, for the estimation of the 
remaining parameters Z. 8 and l7. This appears to 
be legitimate because also in these experiments 2 
did not show any large variaticn. From table 2 it is 
apparent that an increase in the ATPase activity 
was paratleled by an increase in 6 well above the 
values of the control experiment in table 1. The 
adenylate kinase activity as measured by the 
parameter l7 showed a much larger variation than 
in the controls. The reason for this is unknown but 
may well be due to a poorer estimation of r;[ by 
MODFIT in this type of experiment, especially at 
the low ATPase activities. Nonetheless. the com- 
parison of the theoretical curves with the experi- 
mental data shows that the addition of an 
ATP-utilizing load in the form of ATPase activity 
does Iead to the predicted changes of the adenine 
nucleotide concentrations. 

In summary, the general kinetic properties of 
this system can be quite satisfactorily approxi- 
mated by differential equations based on linear 
relations between flows and forces with time-con- 



stant phenomenologicaI coefficients_ It is im- 
portant to stress that this treatment largely exceeds 
the domain where these relations are convention- 
ally considered to be valid. namely, the stationary 
steady state [4,5]. Our experiments and calcula- 
tions demonstrate therefore that the formulation 
of nonequilibrium thermodynamics can be ex- 
tended to describe transient phenomena in a bio- 
chemical system. 

In the next section we will therefore attempt to 
approximate the theoreticai trajectories by analyti- 
cal functions such that the numerical integration 
of the differential eqs. 9-11 can be overcome. 

5. Constant of motion and relaxation curses of the 

adenylate kinase system 

In this section we will try to arrive at a deeper 
understanding of the transient kinetic properties 
of the system as observed in the foregoing. So far 
we have noted that, in general, the transient kinet- 
ics of the system can be adequately described by a 
set of eqttations which are conventionally used in 
nonequilibrium thermodynamic studies of the 
steady state. We will now make use of this feature 
and attempt to approximate-the trajectories of the 
system in terms of purely thermodynamic equa- 
tions_ Bearing in mind that the trajectories are 
integral curves this is tantamount to attempting an 
analytical integration of eqs. 9-11, an endeavour 
which appears to be quite hopeless. However, we 
can look for judiciously chosen special functions 
derived from thermodynamic quantities and hope 
that at least a part of the trajectories coincides 
with these functions. 

To start with, we first consider a quite simple 
case. In section 3 we noted that at elevated activi- 
ties of the adenylate kinase the system initially 
evolved along trajectories corresponding to a con- 
stant adenylic energy charge- This suggests that 
the adenylic energy charge is an integral curve of 
the adenylate kinase reaction. To be more specific, 
the adenylic energy charge should be a constant of 
motion of the system, since at high values of L, 
the adenylate lcinase flow JA dominates the other 
ff ows Jp and J,_ Hence, we can simptify the scheme 
in fig. 3 by deleting the arrows representing the 

influence of Jp and J, on the adenine nucleotide 
concentrations. By doing so we then obtain the 
following simplified set of differential equations: 

[A-i-P] = LAX, (24) 

[AljP] = --Z.&X, (25) 

[AtiP] = &X, (26) 

Dividing eq. 25 and eq. 24 yields 

IA-1 2 

[AiP] - - 

Separation of variables allows an integration of eq. 
27: 

/d[ADP] = -2/d[ATP] (28) 

which is 

~[ATP] + [ADPI = c (29; 

We now define a new constant of integration E by 
using C and 1.: 

[ATP]i-l/Z[ADP] 

‘= & = [ATP]tfADP]t[AMP] (30) 

which is the well known adenylic energy charge 
introduced by Atkinson 175 With this result we are 
now in the position to state that Atkinson’s energy 
charge assumes the physical interpretation of a 
constant of motion of the adenylate kinase reac- 
tion. If this is the only reaction occurring in the 
mixture, then the system evolves along a line of 
constant E until it reaches the equilibrium line 
X, = 0. Which line 0 -== +z < 1 is actually chosen 
depends only on the initial conditions. It is there- 
fore understandable why in cases where JA 
dominates all other flows the system must evolve 
along trajectories which are close to a constant E. 

The other extreme case of the first phase of the 
trajectories, i.e., the case when LA and hence the 
activity of the adenylate kinase is very Iow, is also 
simple to explain. Since in this case J,, and J, 
dominate the system, the trajectories must evolve 
along lines characterized by negligible AMP flow. 
These trajectories are therefore parallel to the 
baseline of the reaction simplex. As depicted in 
fig. 4a, the first phase of the trajectories in cases of 
low values of L, indeed corresponds to these lines. 



We are now left with the problem of finding a 
simple explanation for the second phase of the 
trajectories corresponding to the evolution of the 
system along a common line. fnspection of the 
results in figs. 2 and 4 suggests that at low activi- 
ties of the adenyIate kinase the system evolves 
ciose to lines of a constant phosphate potentia1 
whereas at high adenylate kinase activities it 
evolves close to the equilibrium line X, = 0. This 
explanation yield;, however. no insight into why 
these lines should behave as relaxation curves of 
the system. 

An understanding of this feature is obtained by 
calculating the minimal Lyapunov exponent Ami, 
of the system [8.9]. Briefly. a Lyapunov function is 
a scalar function of the state variables which is 
positive definite and whose Eulerian derivative is 
negative definite_ A suitable choice of a Lyapunov 
function of our system is the entropy production 
which is constrained to be positive definite by the 
second law [4.5]: 

(31) 

ST=(L,+L,)X~t2L,XpS,~L.,X.~tLAX~~0 (32) 

This function is positive except at the state of 
thermodynamic equilibrium where it is zero. The 
Eulerian derivative of this function is defined by 

The calculation of this derivative is straightfor- 
ward and yields the remarkably simple result: 

~~~-2~~ [AiP]’ : fAo,P]’ : [A&iP]’ 

f IATPJ lADpI [AMP1 1 (34) 

Inspection of the right-hand side of eq. 34 shows 
that the bracket contains only positive terms and 
therefore we can assert that ST -E 0. With this we 
have proven that 3 is indeed a Lyapunov function_ 
This is, by the way. also a sufficient proof for the 
global asymptotic stability of our system [8,9]. 

We can now expticitiy caicufate the Lyapunov 
exponents of our system defined by 

since the quantities 3 and j; are known functions 
of the thermodynamic forces and the phenomeno- 
logical coefficie:r-s defined by eqs. 6-8, 32 and 34. 
These Lyapunc.: exponents permit a piecewise ap- 
proximation of the temporal evolution of the en- 
tropy production 3 throughout the whole reaction 
simplex through the relation 

S(~.f)=S(a~.r,)e --X,.,Cr--r,,) 
(36) 

where CI is the concentration vector of the adenine 
nucleotides defined in section 2. The minimal 
Lyapunov exponent hmin is defined by . . 
x -s m,n = mm - -7. 

[ 1 S 
(37) 

AMP 

ATP ADP 
Fig. 8. ReIaxation curves. The solid lines depict the loci of 
minimal Lyapunov exponents Xmin for different values of 8. 
These exponents were searched numerically .~n the basis of eqs. 
32.34 and 37 along the AMP coordinate by varying AMP from 
0 to 1 in increments of 0.01. By joining the adjacent loci of Xmin 
belonging to the same values of B one obtains the relaxation 
curves in the reaction simplex. In this figure B was varied from 
0 to t6 in steps of 0.2. The other parameters were: L, = 0.247. 
L, = 0.0785, L, = 0.2. X, = 50 and [Pi] = 8 mM. The matched 
load conductance. i.e.. for B = 1, was again (L,),,, = 0.0749. The 
other values were calculated with the help of eq. 19. Superim- 
posed on these relaxation curves are the dotted trajectories of 
the load cycles taken from fig. 5b. The relaxation curves are 
always tangent to these trajectories in the ascending (8 =r 1) as 
well as in the descending f ff =I) parts. The f&e impression 
that the dotted cwves may cross the solid lines in this figure is 
an artifact due to small errors in pfotter alignment a1.d plotting. 
A careful numerical evaluation of these values with extended 
precision on a digital computer showed that the relaxation 
curves represent always the extreme limit of the rrajcctories. 



This illustrates that hmin is somehow reminiscent 
of the minimal eigenvalues of the system and is 
therefore closely related to the relaxation times 
which dominate the long-term behavior of the 
system_ Thus, we can imagine that the temporal 
evolution of the system along the second phase of 
the trajectory is determined by eq. 37. The trajec- 
tories of the system should therefore converge to 
the loci of Xmin for any given set of the L parame- 
ters_ In other words, the loci Xmin in the reaction 
simplex define the relaxation curve of the system. 

In fig. 8 we have plotted the loci of Xmin in the 
reaction simplex for different values of 8. Superim- 
posed in these graphs are the trajectories obtained 
by numerical integrations of eqs. 1.5-17 depicted 
in fig. 5. From this figure it is evident that the 
second phase of the trajectories indeed converges 
to the loci of h,;,. With this result we have dem- 
onstrated that the second phase of the trajectories 
follows the relaxation curves_ 

6. Concluding remarks 

In this study it has been demonstrated that the 
transient kinetics of oxidative phosphorylation plus 
the adenylate kinase can be described on the basis 
of linear nonequilibrium thermodynamic relations 
between flows and forces. This result is astonish- 
ing for two reasons: (1) The system obeys linear- 
ity in a far from equilibrium regime and (2) not 
only a steady-state situation but also transient 
behavior obeys linearity. These results appear to 
be in sharp contradiction to the narrow regime to 
which linearity is confined on theoretical grounds, 
I.e., at a steady state in the immediate vicinity of 
thermodynamic equilibrium [4,6]. 

In a recent study it was shown that. linear 
relations offer considerable advantages as to the 
efficiency of biological energy converters [24]. It 
was speculated that the linearity observed in many 
biological energy converters operating far from 
equilibrium is not a consequence of the conven- 
tional small force approximation near equilibrium 
[4,5] but rather a consequence of a feedback regu- 
lation maintaining !inearity far from equilibrium 
as a result of evolutionary design [2,24]. This idea 
is also corr:)borated by the recent finding that the 

natural ion transport systems in mitochondria obey 
linear laws, as long as no artificial ionophores are 
introduced [25]. 

Concerning the linearity of the adenylate kinase 
reaction, we observe that the driving force, the 
adenylate kinase potential X,, is of the order of 
less than 4 kcal for most operating conditions of 
the mitochondria. Hence, it is also possible that 
the linearity of this reaction can be simply ex- 
plained by the existence of a multidimensional 
inflection point [26] which extends the domain of 
linearity, especially when the sum of the adenine 
nucleotides is constant [27]. Needless to say that 
this linearity, irrespective of its origin, offers, as a 
byproduct for the investigator, a considerable sim- 
plification for the analysis of biological energy 
conversions. 

Furthermore. since linearity allows greater ef- 
ficiency of energy conversions it is plausible that 
biological systems make use of this property not 
only in a steady-state situation but also along a 
transient between arbitrary steady states within 
the whole domain of operation of oxidative phos- 
phorylation. This behavior can again be under- 
stood as a result of evolutionary design and must 
therefore not necessarily also apply to chemical 
reaction mixtures of nonbiological origin. 

In our previous studies we have been looking at 
the adenylate kinase reaction mainly as a thermo- 
dynamic buffer system which is chemically and 
spatially separated from oxidative phosphorylation 
[2,3]. However, this study has shown that the 
participation of this reaction in oxidative phos- 
phorylation implies much more. The adenylate 
kinase reaction acts not only as a thermodynamic 
buffer. but also regulates the whole transient kinet- 
ics of oxidative phosphorylation and sets the oper- 
ating points of the adenine nucleotides in the 
cytosol. Therefore, an analysis of the energetics of 
oxidative phosphorylation cannot be confined to 
this process alone but should always also consider 
the effects of the adenylate kinase reaction. This 
means that oxidative phosphorylation. as a func- 
tional unit, not only consists of a redox chain with 
associated H+ pumps and the ATPase reaction as 
stated in every textbook, but also includes the 
adenylate lcinase reaction. This is in line with the 
common experience that in all aerobic cells with 



oxidative phosphorylation invariably also the 
adenylate kinase reaction is found to be active. 

The approximation of the trajectories by the 
analytical functions in section 5 allows a consid- 
erable simplification of the quantitative descrip- 
tion of the system by overcoming the need for a 
numerical integration of the differential equations. 
In addition, these functions set the limits for the 
trajectories. Concerning the rapid phase, the limit- 
ing trajectory is the line of a constant energy 
charge as L,., + cc. From the simulations shown in 
fro 8 and from many other similar numerical 
czculations not shown here. we conjecture that 
the relaxation curve acts as an extreme limit for 
the slow phase of the trajectories, since is no case 
was it observed that the trajectory was able to 
cross the relaxation curve. 

The next step of the analysis now consists of 
defining a measure for the thermodynamic buffer- 
ing power or strength of the adenylate kinase 
reaction. Preliminary studies have revealed such a 
measure. a so-called degree of thermodynamic 
buffering. which is a dimensionless number be- 
tween 0 and 1 within the whole region of the 
reaction simplex defined by the limiting analytical 
functions of section 5. These results will be de- 
scribed in a forthcoming paper. 

The analytical functions in section 5 are based 
on thermodynamic quantities. as is the degree of 
thermodynamic buffering. Therefore, the whole 
analysis of thermodynamic buffering, including 
the transient behavior, can be expressed in terms 
of nonequilibrium thermodynamic functions only. 
Needless to say. such a consistent description which 
considers flows and forces is far superior to an 
analysis of energy metabolisms carried out in 
kinetic terms only. Therefore. the choice between a 
nonequilibrium thermodynamic description of this 
system and a purely kinetic description is not a 

matter of ‘taste’ as has been claimed [28]. Al- 
though the kinetic description can say a lot about 
regulation and control of flows it entirely misses 
important energetic aspects of energy metabolism 
such as efficiency, thermodynamic buffering and 
the like. This has also been realized by the founders 
of mosaic nonequilibrium thermodynamics [Z?] or 
by Hill [29] who therefore combine kinetic and 
thermodynamic quantities in order to understand 

the energetics of biochemical reaction systems. In 
contrast to these approaches, however, which start 
from a mechanistic reaction scheme with kinetic 
constants, in our studies we have tried to maintain 
a purely phenomenological description as far as 
possible for the sake of generality. Therefore, the 
results of this study can, in principle, be applied to 
every other reversible ATP-utilizing system, for 
example, creatine kinase. Thus. this method of 
calculating limiting trajectories by deriving the 
relaxation curves on the basis of minimal Lyapunov 
exponents offers new insights into the operational 
features of biological energy converters on a very 
general level. 
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